It is shown that there are two types of wave solutions trapped at the boundaries which owe to the Coriolis force proportional to the meridional component of the earth's rotation vector (hereafter referred to as the f H force) under the nontraditional approximation (non-TA). One is a type of Kelvin waves (non-TA Kelvin waves) trapped on the eastern and western boundaries. Unlike traditional Kelvin waves (TA Kelvin waves), non-TA Kelvin waves trapped on the western (eastern) boundary can have northward (southward) phase and group velocities in the Northern Hemisphere (NH). The other is a type of Rossby waves trapped on the ground. The external Rossby waves can have wave structure in the vertical and amplitudes decaying with height. Moreover, the f H force modifies even the characteristics of TA Kelvin waves trapped on the southern and northern boundaries: In the NH, the Kelvin waves trapped on the southern boundary have an upper limit (k c ) to the zonal wavenumber (k), and those with large k (> k c ) trapped on the northern boundary have eastward phase velocity in the NH. The latter is regarded as the third type of edge waves unique to non-TA.
Introduction
Simplified momentum equations in the Cartesian coordinates including both Coriolis force terms proportional to vertical ( f ) and meridional components ( f H ) of the Coriolis parameter have been proposed in previous studies and are summarized in Gerkema et al. (2008) . One of the simplest equations including nontraditional Coriolis terms (NCT) proportional to f H is obtained by setting f and f H constantly (f-plane under nontraditional approximation; non-TA f-plane). Grimshaw (1975) derived β-plane equations including NCT in which f H needs to be constant so as not to violate the conservation laws of energy, angular momentum, and potential vorticity (non-TA β-plane). Dellar (2011) derived similar equations including latitudinal variation of f H , and letting f vary vertically as well as latitudinally. White and Bromely (1995) and White et al. (2005) considered the 'quasi-hydrostatic' momentum equation which is obtained by neglecting material derivative in the vertical momentum equation.
Using these equations including NCT, the influences of NCT were examined in terms of atmospheric waves (Thuburn et al. 2002a (Thuburn et al. , 2002b Kasahara 2003 Kasahara , 2004 Durran and Bretherton 2003; Raymond 2001; Fruman et al. 2009; Kasahara and Gary 2010) , symmetric instability (Itano and Maruyama 2009; Itano and Kasahara 2011) , and cumulus convection in the tropics (Hayashi and Itoh 2012) . Thuburn et al. (2002a) numerically obtained normal modes using a spherical model including NCT. Thuburn et al. (2002b) analytically examined the influences of NCT on the dispersion relations (hereafter referred to as DR) and structures of gravity-and acoustic-wave modes in the non-TA f-plane. Kasahara (2003 Kasahara ( , 2004 and Durran and Bretherton (2003) examined a sub-inertial wave mode in detail which does not exist in traditional approximation (TA). Yasuda and Sato (2012) showed the presence of waves trapped in an altitude region where the static stability is minimized. Kasahara and Gary (2010) found external Rossby waves using equations in the simplified non-TA β-plane in which some terms involved with the latitudinal variation of f are ignored (White 2002) . Hayashi and Itoh (2012) used a quasi-hydrostatic and equatorial β-plane model to examine the effect of NCT on tropical cumulus convection. They showed that vertical vorticity is strongly affected by NCT, i.e., tilting of the horizontal planetary vorticity.
It is well known that there are several types of edge waves in TA such as Kelvin waves (KW), Lamb waves and equatorial waves. Note that even in the atmosphere, there are KW such as those propagating around Southern Africa and Tibetan Plateau (Gill 1977; Nakamura and Doutani 1985) . Raymond (2001) pointed out that equatorial Kelvin waves are modulated by NCT. Fruman (2009) examined the properties of equatorial waves in the non-TA equatorial β-plane. However, previous studies have not yet examined characteristics of the edge waves trapped on lateral boundaries or on the ground when NCT are included.
In this study, we analytically show the presence of two types of edge waves that are unique for non-TA. One is KW (hereafter referred to as non-TA KW) trapped on the eastern and western boundaries. The other is external Rossby waves (RW) trapped on the ground. In addition, modulation of TA KW on the southern and northern boundaries by NCT is also examined. This paper is organized as follows. Equations and parameters used in the present study are shown in Section 2. The existence and detailed characteristics of the non-TA KW and external RW are shown in Sections 3 and 4, respectively. Characteristics of KW on the southern and northern boundaries modulated by NCT are discussed in Section 5. Discussion and summary are given in Sections 6 and 7, respectively.
Formulation
Linearized momentum equations of inviscid fluid, anelastic continuity equation, and adiabatic thermodynamic equation in the Cartesian coordinates (x, y, z) are given as follows (Kuo 1977; Vallis 2006) :
where t is time; u, v, and w are zonal, meridional, and vertical velocities, respectively; ϕ ≡ δp/ρ is pressure fluctuation δp (= p − p) divided by basic state density ρ; p obeys the hydrostatic balance (dp/dz = −ρg); s is buoyancy; N is the buoyancy frequency (assumed to be constant); g is gravitational acceleration; f (≡ 2Ω sin φ) and f H (≡ 2Ω cos φ) are the Coriolis parameters coming from vertical and latitudinal components of the earth's angular velocity vector Ω at a latitude φ, respectively. For simplicity, background winds are taken to be zero. In the following, ρ = ρ 0 exp(−z/H ) is TA KW for f H = 0. For a trapped solution on the western boundary (x = 0), k i should be negative. Thus, for f H = 0, c py should be negative. However, for f H ≠ 0, c py can be positive because of the second term on the right hand side of (13). Moreover, unlike the case of f H = 0, k r is non-zero for f H ≠ 0, indicating that the solution has wave structure zonally. It is important that k i can be non-zero even for f 0 = 0 (i.e., at the equator). Thus this wave is regarded as a new type of KW which exists due to NCT and hence referred to as non-TA KW, although the wave tends to have TA-KW characteristics at higher latitudes. Figure 1 shows k i and k r for non-TA KW as functions of l and m at latitudes of 0°N, 10°N, and 90°N. Note that k r and k i at 90°N are identical to those of TA KW. An important feature is that negative k i (i.e., trapped on the western boundary) is observed only for the negative m region (c pz < 0) at the equator, while it is observed only for the negative l region (c py < 0) at 90°N. At 10°N, negative k i is observed at large and positive l and small and negative m region. The solutions with negative k i and positive l correspond to KW trapped on the western boundary having the northward phase velocity, which do not exist in TA. It is also seen from Fig. 1 that the non-TA KW trapped on the eastern boundary (i.e., positive k i ) have characteristics which are symmetric to those for non-TA KW trapped on the western boundary.
It is interesting that the zonal wavelength 2π/k r is much longer than the e-folding zonal scale (1/k i ) under the displayed wavenumber region. The zonal structures of northward-propagating non-TA KW on the western boundary are shown in Fig. 2 for l = 2π/(10 km) and m = 2π/(3 km), as examples. Corresponding to their long zonal wavelengths, the wave structure is obscure.
The curves of k i = 0 in the l-m space in Fig. 1 are obtained from (13): assumed. Constant parameters used in the present study are as follows: Ω = 7.29 × 10
, and a = 6371 km. The Coriolis force proportional to f appears in zonal and meridional momentum Eqs. (1) and (2), and allows zonally-and meridionally-trapped waves (TA KW) to be present (e.g., Wang 2003) . On the other hand, NCT appear in zonal and vertical momentum Eqs. (1) and (3). Thus, it is expected from symmetry of the system that there are two kinds of edge waves, namely, one trapped zonally and the other trapped vertically. In the following sections, characteristics of only edge waves in the Northern Hemisphere (NH) are discussed, as characteristics for the Southern Hemisphere can be easily understood by changing the sign of f.
Non-TA Kelvin waves trapped on the eastern and western boundaries
First, the edge waves trapped on the eastern and western boundaries in the non-TA f-plane ( f = 2Ω sin φ 0 ≡ f 0 , f H ≠ 0) are considered. From analogy of the TA KW, we look for trapped waves on the boundary at x = 0 in which u is identically zero. The governing equations are written as follows:
Note that the term proportional to N 2 /g in (3) is negligible in usual conditions and hence ignored. The NCT remain only in (6), corresponding to the "geostrophic balance" for the non-TA.
The general solution of (7)− (10) 
It is interesting that (11) is identical to the DR of TA KW (and hence internal gravity waves). After algebraic manipulation, an equation of the zonal structure is obtained.
Equation (12) 
where c py (≡ ω/l ) and c pz (≡ ω/m ) are meridional and vertical phase velocities, respectively. Note that k i is identical to that of 
Non-TA external Rossby waves trapped on the ground
Next, the second type of edge wave trapped on the ground (i.e., z = 0) existing due to NCT is considered. In this case, we look for the solution in which w is identically zero. Note that this solution should not be a gravity-wave type because of w = 0. A RW type is a candidate. Thus, we use the equations on the non-TA β-plane
Because s = 0 from (21), (19) is rewritten as follows:
This relation is regarded as vertical "geostrophic balance." It is seen from (22) that the solution of (17), (18) and (20) (17), (18) and (20), yields the DR of the trapped wave:
Note that this DR is identical to that of RW. Thus this solution is regarded as non-TA RW. After algebraic manipulation, an equation of the vertical structure is obtained. 
For f H = 0, m r and the first term of m i are zero. In this case, m i is positive (= N 2 /g), meaning the exponential growth of Ṽ with height. However, taking consideration of the exponential decay of the basic state density with height, the external RW can be trapped on the ground. The free traveling planetary waves as observed in the middle atmosphere are one of such waves (e.g., Andrews et al. 1987 ). Thus we need to add another term to (25) to consider the external RW being their energy trapped on the ground:
For f H ≠ 0, the first term in (27) is negative as easily understood from (23). This means that NCT make the exponential decay of amplitudes with height more rapid, compared with the case for f H = 0. It is important to emphasize that m i can be negative even for constant basic state density. Moreover, there is a latitudinal variation of m i for f H ≠ 0, while m i is constant (N 2 /g − 1/2H ) for f H = 0. Thus, this wave is regarded as a new type of RW which exists due to NCT. Figure 3 shows m i and m r as functions of k and l. For constant parameters used in this study, m i is negative in all latitudes. While m r is zero at the equator and pole, |m r | is larger than |m i | and increases with | l | in the other latitudes. Figure 4 shows vertical structures of Ṽ (z) for external RW with k = 2π/(1000 km) and l = 2π/(400 km) for examples. The vertically-oscillating structure is clearly seen at 2°N and 10°N.
It is interesting to consider whether RW are trapped on the upper boundary. For waves to be trapped on the upper boundary, m i needs to be positive. Only the second term has the positive sign on the right hand side of (27). Thus RW are trapped on the upper boundary when the second term of (27) is dominant. However, because the first term in (27) is negative, RW trapped on the upper boundary do not exist only by NCT (i.e., the first term of (27)).
Characteristics of KW trapped on the southern and northern boundaries modified by NCT
Last, KW trapped on the southern and northern boundaries are examined. By using v = 0, equations for such KW are written: 
Although NCT do not appear in (29) determining the latitudinal structure of the KW, the dispersion and polarization relations are modified by NCT in the other equations. Thus, it may be appropriate that these KW are also regarded as non-TA KW. In this section, their propagation characteristics are examined.
From (29), we seek the solution of the form Ã ( y) exp (z/2H ) exp [i (ωt − kx − mz)]. Substituting this for u, w, ϕ, and s in (28) and (30) 
Note that (33) is identical to the DR of TA KW not only for f H = 0 but also for H → +∞. After algebraic manipulation, an equation for the meridional structure is derived.
as derived from (33) and (35). An interesting point is that there is an upper limit k c to k for f H ≠ 0, unlike TA KW. On the other hand, the range of k is obtained for KW trapped on the northern boundary as,
The KW trapped on the northern boundary has positive zonal phase velocity (c px ≡ ω/k) for quite large k (> k c ). Thus, this is another type of KW that is unique in the non-TA, which is hereafter referred to as ultra-small non-TA KW. Figures 5a and 5c show l i and l r as functions of k and m in the range 1 km < |2π/k | < 1000 km, respectively. In the displayed range, l i is negative (positive) for k > 0 (k < 0). As |l i | is larger than |l r | by two digits, the wave structure in the y direction is expected to be insignificant. Figure 6a shows the meridional structure of KW trapped on the southern boundary with k = 2π/(100 km) and m = 2π/(1 km), for example.
Figures 5b and 5d show the same as Figs. 5a and 5c but for a larger k range 0.001 km < |2π/k | < 1 km. It is clear that there are positive l i in the positive k region, corresponding to the ultra-small non-TA KW. An interesting characteristic of the ultra-small non-TA KW is that the aspect ratio (k/m) is much larger than 1. The meridional structure of ultra-small non-TA KW with k = 2π/ (0.01 km) and m = 2π/(10 km) is shown in Fig. 6b , as an example. The ultra-small KW exhibit well-recognized wave structure decaying with the distance from the boundary. In contrast, l i is positive everywhere for k < 0 in Figs. 5b and 5d. These results indicate that NCT causes asymmetry between non-TA KW trapped on the southern and northern boundaries in their spatial structure and propagation characteristics.
Discussion: Relation among the Coriolis parameter, wavenumber and group velocity vectors of non-TA edge waves
Characteristics of trapped waves are described in terms of the Coriolis parameter and group velocity of edge waves in the following. The structure perpendicular to the boundary of three kinds of edge waves are determined by (7), (22), and (29), respectively. These equations can be rewritten in vector form:
where the term proportional to N 2 /g is neglected in (22). Again, f and v are 3-dimensional vectors. Multiplying (39) with ϕ yields
This equation corresponds to a necessary condition for waves to be trapped on respective boundary. From x component of (39), for example, ϕ and (v × f ) (x) = f 0 v − f H w must have the opposite (same) signs for edge waves to be trapped on the western (eastern) boundary. For KW trapped on the lateral boundary, from Hayes's theorem (Hayes 1977; Vanneste and Shepherd 1998) , i.e., ϕv = Ec g , where E is wave energy and an overbar indicates time averaging, the following equation is derived:
From x component of (41), x component of c g × f is negative (positive) for KW to be trapped on the western (eastern) boundary, as E is positive. Similarly, y component of c g × f is negative (positive) for KW to be trapped on the southern (northern) boundary. These conditions are also derived by rewriting (13) and (35) using the group velocities. It is important that such simple relation between the vectors of the Coriolis parameter and group velocity is not obtained for non-TA RW. This is because the energy flux ϕv cannot be replaced with Ec g on the non-TA β-plane as well as the TA β-plane (Pedlosky 1987) .
The relation among the Coriolis parameter vector f = (0, f H , f 0 )
T , wavenumber vector l = (0, l, m) T , and group velocity c g = (0, c gy , c gz )
T for non-TA KW trapped on the western boundary is shown in Fig. 7 . The group velocity is perpendicular to the wavenumber vector in the limit H → ∞. A shaded region indicates the region of group velocity vectors for which l becomes positive (i.e., northward phase velocity). It is easy to understand from Fig. 7 that northward propagating KW trapped on the western boundary do not exist under TA because the Coriolis parameter vector is parallel to the vertical direction.
Summary
We have shown that there are two kinds of edge waves owing to the Coriolis force proportional to the meridional component of the earth's rotation vector under a non-traditional approximation ( f H ≠ 0). One is non-TA KW trapped on the eastern and western boundaries, which exist even for f → 0. Different from TA KW, the non-TA KW trapped on the western (eastern) boundary can propagate northward (southward) in the NH. The other is non-TA external RW trapped on the ground, which exist even for f → 0 and/or in the limit of constant basic state density. A common characteristic for these two kinds of edge waves is wave structure even in the x direction for the non-TA KW and in the z direction for the non-TA external RW, except at the equator for KW and RW and at poles for RW.
The modulation of KW trapped on the southern and northern boundaries by NCT has also been examined. The characteristics are no longer symmetric between the two KW. Instead, there are extremely small zonal-scale KW trapped on the northern boundary that propagate eastward in the NH. This type of KW disappears when f H → 0 and hence regarded as the third type of non-TA KW. On the other hand, the KW trapped on the southern boundary have positive zonal wavenumbers which is similar to TA KW, but there is an upper limit of zonal wavenumber unlike TA KW.
